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We report a Monte Carlo simulation based on the Lebwohl-Lasher model for 
characterizing the molecular director configuration in a nematic liquid crystal having a 
spherocylindrical particle immersed inside. We describe the molecular orientation and 
spatial  behavior of the order parameter and we retrieve the presence of a disclination line 
with the shape of the Saturn ring defect. By applying an electric field, the order inside the 
simulation cell is considerably changed and we find  that the plane of the disclination line 
is moved perpendicular to the field direction. As the intensity of the field is increaseed the 
disclination line eventually disappears, the order inside the cell becoming uniaxial. 
 
(Received July 10, 2012; Accepted September 14, 2012) 
 
Keywords: Nematic liquid crystals, Monte Carlo simulation, Lebwohl-Lasher model,  
                   Order parameter, Biaxiality, Field order parameter 

 
 

1. Introduction 
 
Liquid crystalline materials (LCs) possess peculiar physical properties and have been 

proven as an excellent host system for testing many complex structures and even exotic 
phenomena. They own mechanical properties of a liquid, such as high fluidity (inability to support 
shear) while, simultaneously, exhibiting anisotropic behavior similar to a crystalline solid - in their 
optical, electrical, and magnetic properties [1,2]. Due to their unique mechanical and optical 
characteristics, liquid crystals are of considerable importance. Because of the large number of 
potential applications in the fields of science and technology, this class of materials have drawn 
the attention of scientists dealing with fundamental research topics, as well as applied physical, 
engineering and hi-tech issues [3-5].  

The physical behavior of liquid crystals is highly influenced by the surface properties and, 
predominantly, the surface anchoring energies have a decisive role in establishing the local 
direction of the molecules [1,2]. These challenging phenomena make rather difficult a precise 
theoretical description of such systems and often is required the use of quite complex calculus, 
involving more sophisticated numerical methods, such as finite element method with an adaptive 
[6], or a moving mesh [7]. 

Another way of describing the orientational order and the properties of liquid crystals is by 
using computer simulations. Two major approaches exist for predicting the evolution of a system: 
the Monte Carlo (MC) method and Molecular Dynamics (MD) method [8-11]. MD simulations 
use a deterministic approach, based on a set of equations of motion, provided by the Hamiltonian 
of the system. MC method spawns new configurations in a random manner, but only accepts those 
which satisfy some definite criteria. A selection algorithm allows then for computing the 
thermodynamic averages.  

Computer simulation is a well established method for studying liquid crystalline 
mesophases [11]. It has already been applied to determine different bulk properties of liquid 
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crystals, such as bulk elastic constants [12-14], viscosities [15], helical twisting power [16], 
characteristics of the isotropic–nematic transition [17]. Furthermore, studies demonstrate the 
successful use of these methods for confined geometries analysis [18,19]. Another topic that is 
highly accessible for computer simulation is the investigation of topological defects in liquid 
crystals, such as discinations [20,23], including those created in colloidal dispersions of small 
particles.  

Combining molecular dynamics and Monte Carlo simulation, defect structures around an 
elongated colloidal particle embedded in a nematic liquid crystal host have already been studied 
[23]. In this manuscript, we propose for investigation the particular case for the molecular 
reconfiguration of a liquid crystal system composed of a nematic cell, when considering a bulk 
spherocylinder-like particle inclusion and an electric field is applied on the simulated domain.  

 
 
2. Molecular Model and Simulation Method 
 
We performed Monte Carlo simulations of a nematic liquid crystalline material in which 

we consider the existence of  a spherocylinder-like nanoparticle  in the presence of an applied 
electric field (for certain directions relative to the long axis of the spherocylinder). The simulation 
employs the generally used Lebwohl-Lasher model [24], where the liquid crystal molecules are 
considered as unit vectors (versors or spins) which occupy fixed positions in the sites of a cubic 
crystalline lattice. These versors are described by their cartesian components, ݁̂ ൌ ൫݁௫, ݁௬, ݁௭൯ and 
are free to rotate and interact with each other through an orientation dependent energy. The energy 
of interaction between versors with subscripts i and j is defined as: 

 

௜ܷ௝ ൌ െߝ௜௝ ଶܲ൫cos  ௜௝൯     (1)ߠ
 

In the above relation, P2 is the second rank Legendre polynomial and θij is the angle between the 
versors, obtained from their dot product, ܿݏ݋	ߠ௜௝ 	ൌ 	 ݁̂௜ ∙ 	 ݁̂௝.  ߝ௜௝  is a positive interaction constant 
for first order neighboring particles and zero otherwise. 
 The energy of interaction between molecules is invariant under an uniform rotation of all 
spins and, in this model, the bend, splay and twist elastic constants of the liquid crystal are 
considered equivalent [25–29]. 
 In our model, the molecules’ centers of mass are arranged in an ordered manner, yet not 
contradicting the fact that a liquid crystal is a fluid (i.e. there is no positional order of the 
molecules). In a real liquid crystal, the molecules arrange themselves in ordered domains; here 
each spin represents an ordered domain encompassing many molecules whose centers of mass are 
arbitrarily distributed [25, 29]. 
A significant advantage of using the Lebwohl-Lasher model, in contrast with other computational 
models presenting translational degrees of freedom, is the fact that spins' centers of mass are fixed, 
significantly reducing the computer simulation time. It was found that this system gives a realistic 
representation of a nematic liquid crystal having a first order phase transition at the scaled 

temperature ேܶூ
∗ ൌ

௞்ಿ಺
ఌ

ൌ 1.1232 േ 0.0006 [30,31]. 

 An electric field, ܧሬԦ ,applied to the simulated cell leads to an interaction of the spin i with 
this field [25,30]: 

௜ܷ ൌ െߦ ଶܲ൫݁̂௜ ∙  ෠൯     (2)ܧ
 

where ܧߙ∆~ߦଶ is a parameter describing the coupling between spin and the electric field and ܧ෠ is 
the directional versor of the electric field [25]. ∆ߙ is the electrical polarizability anisotropy and its 
sign and magnitude determines the strength and direction of interaction between the spin and the 
applied electric field. 
 The total energy of the system is then [25]: 
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ܷ ൌ ∑ ௜ܷ௝௜,௝
௜ஷ௝

൅ ∑ ௜ܷ௜ 																																																													(3) 

 
 The considered nematic liquid crystal that is used in the simulation is placed in a box of 
rectangular shape, with  dimensions Nଡ଼ ൈ Nଢ଼ ൈ N୞ in lattice spacing.  In the middle of the box, we 
include a spherocylinder-like particle of length L and diameter D, as shown in Fig. 1. 
 

 
Fig. 1: Schematic representation of the simulated liquid crystal system with  

the integrated spherocylinder particle.  
 
 
 In all directions, we imposed periodic boundary conditions. The spins which are not 
situated in the vicinity of the particle interact with their neighbors through an interaction 
parameter, ߝ஻ ,and are free to rotate inside their cells following a standard Monte Carlo procedure 
[8-11]. The anchoring of the molecules to the spherocylinder is accomplished by considering that 
it is made-up from fixed spins [22, 25-31]. These spins cannot rotate, but they can interact with 
other free spins through an interaction parameter, ߝௌ. The orientation imposed by the walls of the 
spherocylinder is homeotropic, i.e. perpendicular to them:  in the case of the hemispheres, the 
fixed spins are orientated in the direction of their centers and, for the cylindrical part, in the 
direction perpendicular to the long axis, as shown in Fig. 1.  This interaction parameter describes 
the anchoring effects at the boundaries of the inclusion. 
For temperatures bellow ேܶூ

∗  and in absence of the electric field, the competition between these 
orientational tendencies were studied using both Monte Carlo and Molecular Dynamics methods 
[22], resulting in an interesting distribution of the director field inside the simulated nematic cell. 
The classical way to describe the order of a liquid crystal is to use the scalar order parameter, 
which is defined with respect to a preferential axis [1, 32]: 
 

ܵ ൌ 〈 ଶܲሺcos 〈ሻߠ ൌ
ଷ〈௖௢௦మఏିଵ〉

ଶ
    (4) 

 
where θ is the angle between a molecule and the favored axis and 〈⋯ 〉 means the statistical 
average. The order parameter has the value 1 in the case in which all liquid crystal molecules are 
oriented along the preferential direction and 0 in for an isotropic liquid, that is the case of complete 
disorder. 
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As is intensely discussed in [8], in the computer simulation of a nematic, the bulk director 
changes slowly in space, typically to a length larger scale compared to the simulation box size, so 
a single director will apply to the entire sample. However, in our situation, due to the frustration 
imposed by the immersed nanoparticle, the changes of director in space is rapid and significant, as 
was already found in many similar situations [22, 25-30]. This is why, following the procedures 
from [25-31], we define in each point of the lattice a tensor order parameter: 

 

Qαβ ൌ
ଷ

ଶ
ቀ〈eαeβ〉 െ

ଵ

ଶ
δαβቁ      (5) 

 
where ߙ, ߚ ൌ ,ݔ ,ݕ ⋯〉 ఈఉ is the Kronecker delta andߜ ,ݖ 〉 means again the statistical average. 
 The diagonal components, ܳ௑௑, ܳ௒௒ and ܳ௓௓, of the tensor order parameter represent the 
degree of order with respect the coordinate axis. The off-diagonal components, ܳఈఉ, represent the 
bending of the director in the corresponding plane. The values of the tensor order parameter are 
between −0.5, when the director is perpendicular to the corresponding direction, and 1, when the 
director in perfectly parallel with the direction. In our simulations, we used relation (5) to calculate 
the components of the tensor as statistical averages for each cell. The obtained values are between 
these limits, while the value 0 meaning total disorder with respect the selected direction. 
 The largest positive eigenvalue of the tensor order parameter is the scalar order parameter 
and the corresponding eigenvector is the molecular director [8,33]. The absolute value of the 
difference between the remaining two eigenvalues of the order tensor parameter represents the 
biaxiality [34]. 
 The Monte Carlo procedure used in our simulations was a standard one [8-11]: we 
randomly picked a free spin and rotated it with a small angle using the procedure from [9]. We 
calculated its energies in the old and in the new state and the move was accepted using the 
Metropolis acceptance criterion. The mechanism was repeated for 120,000 Monte Carlo cycles 
with 60,000 of them used for equilibration. During the simulation, we have dynamically adjusted 
the maximum rotation angle of the molecules, in order to have an acceptance ratio of 50%. 
 
 3. Results and discussion 
  

The described system was used to simulate the behavior of a nematic liquid crystal, the 
molecular order being influenced by the spherocylinder inclusion in competition with the 
alignment imposed by the applied electric field. The size of the simulation box was ௑ܰ ൌ 64, 
௒ܰ ൌ 48, ௭ܰ ൌ 48 in lattice spacings. The length of the spherocylinder was ܮ ൌ 32 and its 

diameter ܦ ൌ 16. Because spins located inside the nanoparticle are fixed, the number of free spins 
was 141,952 and a Monte Carlo cycle consisted of 141,952 attempted moves. 

The proportions of the simulated box versus the spherocylinder were selected in such way, 
for avoiding as much as possible the finite geometrical effects. 

The coupling interaction constant between free spins was ߝ஻ ൌ 1 and between a free spin 
and a fixed one was ߝௌ ൌ 1.5. We employed this very large value for the anchoring constant in 
order to emphasize the competition between the alignment of the liquid crystal molecules in 
electric field, versus the effects of the boundary conditions on the walls of the immersed particle. 

In order to have a comparison with the results of [22] we performed a first set of Monte 
Carlo simulations in the absence of the electric field, at a reduced temperature ܶ∗ ൌ 1.0. In this 
situation, our material is situated in the nematic phase and the reduced temperature corresponds to 
the room temperature for the 5CB nematic liquid crystal [30]. 

In Fig. 2, we represented the surface plot of the order parameter S in the plane ݔ ൌ 31, i.e. 
on a transversal section near the middle of the spherocylinder.  

Sufficiently far away from the nanoparticle, the order parameter is approximately 0.6, 
which is in good agreement with the value of the bulk order parameter found for the Lebwohl-
Lasher model [27, 30] and the same as the value from [22]. As expected, very close to the walls of 
the spherocylinder, the scalar order parameter has larger values, mainly due to the imposed very 
strong anchoring. The exceptions are the regions from figures 2 and 3, where the order parameter 
decreases to approximately െ0.25. In these points, we also calculated the biaxiality of the system, 
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founding a value of approximately 0.25, both of them very close to the values from [22]. This 

behavior was also found in reference [22] and these regions correspond to a pair of െ
ଵ

ଶ
 defects. 

The fact that these defects are situated close to the diagonal of the simulation box is explained to 
be a result of the repulsion between them, resulting in the maximization of the distance. 

 
Fig. 2: Surface plot of the order parameter S in the plane ݔ ൌ 31. 

 
 Fig. 3 represents the same parameter, but in a longitudinal section of the spherocylinder, in 
the plane ݖ ൌ 24. We again found the opposite regions where the system become biaxial, once 
more situated close to the diagonal of the longitudinal section.  

 
Fig. 3: Surface plot of the order parameter S in the plane ݖ ൌ 24. 
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By analyzing the whole data set, we found a closed oblate disclination line situated near 
the diagonal plane of the simulation box. It had a shape of a section of a spherocylinder and 
corresponds to the Saturn ring line reported in [23] for the case of a sphere.  

We repeated the simulation for a reduced temperature ܶ∗ ൌ 1.4, above the nematic 
isotropic transition, and the obtained order parameter was very close to zero, indicating the 
absence of the order. 

In the presence of an applied electric field, in the case of the positive dielectric anisotropy 
liquid crystal, the nematic director tends to align the spins along its direction, competing with the 
direction imposed by the immersed spherocylinder .  

The following set of results represent the simulations with an electric field applied parallel 
with respect to the long axis of the spherocylinder (i.e. in the OX direction) and with	ߦ ൌ 0.1, 
corresponding to a positive dielectric anisotropy of the  nematic. As observed from figures 4 and 5, 
where are represented the same sections as above, the scenery of the nematic director is greatly 
modified. Firstly, the disclination line is displaced from the hemispherical cap of the 
spherocylinder toward its cylindrical part, becoming circular, while situated in the YZ plane. The 
value of S for the disclination line is roughly െ0.27 and the calculated biaxiality is ≅ 0.25. 

 
Fig. 4: Surface plot of the order parameter S in the plane ݔ ൌ 31, with an applied electric  

field (ߦ ൌ 0.1) along the OX axis. 
  
 

Near the caps of the spherocylinder the electric field is parallel with the direction imposed 
by the anchoring conditions and the order level is increased to 0.7 (compared to 0.65 value for the 
bulk). 
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Fig. 5: Surface plot of the order parameter S in the plane ݖ ൌ 24 with  

an applied electric field ( ߦ ൌ 0.1) along the OX axis. 
 

Following the procedure from [25,35] we define a field order parameter that describes the 
order of the system in the direction of the applied field in each point of the lattice: 
 

ଶܲ
ா ൌ ଶܲ൫݁̂ ∙  ෠൯     (6)ܧ

 
 The representation of the field order parameter is shown in figure 6.  In the bulk, as 
expected, the molecules align parallel with the direction of fied along the OX axis, the tipical value 
of the field order parameter being ≅ 0.66. We also have inspected the diagonal components of the 
tensor order parameter and we found: ܳ௑௑ ≅ 0.67, ܳ௒௒ ≅ െ0.33 and ܳ௓௓ ≅ െ0.33. These values 
lead to the conclusion that, in the bulk and sufficiently away from spherocylinder, the molecular 
director is parallel with OX axis and perpendicular on OY and OZ. In the immediate vicinity of the 
cilindrical part of the spherocylinder, the alignment of molecules is dictated by anchoring 
conditions: they are parallel with the radial direction towards the axis of the spherocylinder (which 
is perpendicular to the OX axis). 
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Fig. 6: Surface plot of the field order parameter in the plane ݖ ൌ 24 with  
field an applied electric (ߦ ൌ 0.1) along OX axis. 

  
Therefore, if the electric field is along the OX axis, the Saturn ring corresponding to the 

disclination line is situated in the YZ plane. 
If a field with the same parameter ߦ ൌ 0.1 is applied along OY, the situation is changed: 

this time, the disclination line is situated in the plane XZ, its shape being a longitudinal section of 
a spherocylinder, as in figures 7 and 8. 
 

 
Fig. 7: Surface plot of the order parameter S in the plane ݔ ൌ 31 with  

an applied electric field (ߦ ൌ 0.1) along OY axis. 
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Fig. 8: Surface plot of the order parameter S in the plane ݕ ൌ 31 with  

an applied electric field (ߦ ൌ 0.1) along OY axis. 
 
 In the bulk, sufficiently away from the spherocylinder, the field order parameter value is  
again ≅ 0.66 and  the diagonal components of the tensor order parameter are: ܳ௑௑ ≅ െ0.32, 
ܳ௒௒ ≅ 0.65 and ܳ௓௓ ≅ െ0.33. It follows that, in this case, the molecular director is parallel with 
OY axis and perpendicular on OX and OZ. In the disclination line, the value of S is approximately 
െ0.28 and the biaxiality is ≅ 0.25.  
 The main conclusion we may draw is that the existence of an electric field aligns the 
molecules on its direction while the disclination line is displaced, giving rise to a Saturn ring in a 
plane perpendicular to the field direction. 
 In order to prove this assertion, we repeated the simulation with an external electric field 
applied on the diagonal planes of the simulation cell. As it is shown in figures 9 and 10, in both 
situations, the disclination line is moved in such a way that its plane is perpendicular to the electric 
field. 

For the situation in figure 10, a bulk molecule has the components of the tensor order 
parameter ܳ௑௑ ≅ 0.26, ܳ௒௒ ≅ 0.06 and ܳ௓௓ ≅ െ0.33, whereas the field order parameter is the 
same as before, ≅ 0.66. It follows that molecules are oriented along the electric field, having the 
main component along OX axis and perpendicular to the OZ axis. For the disclination line, we find 
that S is around െ0.27 and the biaxiality is ≅ 0.19. 
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Fig. 9: Surface plot of the order parameter S in the plane ݖ ൌ 23 with  

field ߦ ൌ 0.1 along main diagonal plane of the simulated cell. 
 

 
Fig. 10: Surface plot of the order parameter S in the plane ݖ ൌ 23 with  

field ߦ ൌ 0.1 along secondary diagonal plane of the simulated cell. 
 
 

These results demonstrate that the electric field is reordering the molecules in such a way 
that the Saturn ring disclination line is displaced until its plane is perpendicular to the electric field 
direction.  

We also performed a series of simulations with increasing values of the electric field 
oriented parallel with the long side of the spherocylindrical nanoparticle. At very low values of the 
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electric field the disclination line plane is slightly displaced from its original position, finding a 
threshold value ߦ ൌ 0.03 when this plane becomes perpendicular on the field direction.  

However, the further increasing of the electric field intensity results in finally destroying 
the disclination line. We found that, for a value above ߦ ൌ 0.75, the disclination line vanishes and 
the order in the entire simulation cell become uniaxial.  

The situation is somewhat similar with the results from [35] where is explained that this 
behaviour is due to the Fréedericksz transitions of a liquid crystal in one-constant approximation. 
In our work, the interaction potential of the Lebwohl-Lasher model from equation (1) is isotropic 
in space and we cannot make a distinction between splay and twist deformations.  

   
4. Conclusions 
 
Computer simulations are extremely valuable tools for investigating properties of systems 

for which behavior is sometimes very difficult to predict by using exact theoretical relations. 
By means of Monte Carlo simulation of the Lebwohl-Lasher model we investigated the 

properties of a nematic liquid crystal hosting inside a spherocylindrical nanoparticle. 
 We considered first the situation from [22] and we retrieved the presence of a disclination 

line with the shape of the Saturn ring defect. We demonstrated that the order parameter of the 
system is strongly influenced by the presence of the spherocylindrical inclusion. 

We also established that the geometry of the system plays a central role in determining the 
orientation of the nematic liquid crystal molecules, but the existence of a weak external 
perturbation (i.e. electric field) may further modify the map of the order parameter.  

By applying an electric field on the simulation cell, the molecules in the bulk are primarily 
oriented parallel with the field direction and the disclination line is shifted until its plane is 
perpendicular on the field.  

We consider that the investigated nematic liquid crystal domain presenting a 
spherocylindrical nanoparticle inclusion represents an attractive confinement system, both from 
theoretical and practical point of view, and could resolve many questions regarding special 
boundary anchoring conditions, molecular distribution and optical behaviour of these materials in 
complex geometries. 
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