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The energy released by relativistic electron beams in case of interaction with material samples generates a thermal field 
that can affect their physical integrity. Such situations can be met in fusion technology where streams of energetic electrons 
can damage the walls of the machine. In this paper we propose a semi-analytical approach of such thermal fields induced in 
carbon by 6.23 MeV electrons using the Katz - Penfold absorption formula. The average power of the considered beam is 
81 W. A sample with a reduced volume is considered (1 x 1 x 1.5 cm

3
) with a surface comparable with the beam cross 

section. A significant difference is observed in the case of large samples (e.g. 1 x 1 x 1 m
3
). For small samples the heat 

transfer coefficient and the boundary conditions are the key elements in determining the thermal field in the sample volume. 
We use laser-metal interaction formalism, because at high beam intensities the laser processing and electron processing 
models “converge”.  
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1. Introduction 
 

The investigation of the thermal field distribution in a 

material sample irradiated by an electron beam with 

energy of a few MeV is required for all kind of 

experiments that involve irradiation. When investigating 

the effects of accelerated electrons on a target it is 

necessary to figure out which ones are due to temperature 

raise in the target. On the other hand, the heating of a 

material sample exposed to accelerated electron beams 

may not have a uniform distribution on the surface of the 

sample or in its volume. 

There are many methods for evaluating the thermal 

fields in radiation- matter interaction but most of them 

require a complex mathematical handling. This paper 

presents a direct and powerful mathematical approach to 

compute the thermal field for electron beam – material 

sample interaction [1-4]. The solving procedure is based 

upon applying the integral transform technique which was 

developed in 1960, by the Russian school of theoretical 

physics [5]. The comparison with data available in 

literature is in good agreement with this model. However, 

a disadvantage of the model is that it cannot take into 

account the variation with temperature of all parameters 

participating to the interaction. Consequently, the model 

should be regarded as a first approximation of the thermal 

field. The main advantage is that the solutions are series 

which converge very rapidly. For typical calculations, 

after 10 iterations, the accuracy of the value of the thermal 

field reaches 10
-2

K, which is acceptable for the most of 

experiments. Although we can limit the series to 10 

iterations we obtain, in fact, an analytical solution rather 

than a semi-analytical one. The model is a direct method 

rapidly providing a first approximation of the temperature. 

It is important to figure out that the integral transform 

technique, as we will see in section 3, belongs to the 

“family” of Eigen-functions and Eigen-values methods.  

From the heat transfer point of view, one has three 

situations. When the sample has dimensions of m order 

of magnitude, the temperature fields are given mainly by 

the heat transfer coefficient through specific boundary 

conditions imposed by the geometrical shape of the target. 

If the sample has dimensions of mm, the thermal fields are 

determined by the “balance” between heat transfer 

coefficient via boundary conditions and the electron-target 

interaction which is expressed by the source term of the 

heat equation. In the case of a sample with m dimensions, 

the thermal distributions are given mainly by the electron-

target interaction through the source term of the heat 

equation. In the present paper we are dealing with the 

second above - mentioned situation. 

The purpose of our study is to investigate the thermal 

distribution in a carbon sample exposed to a relativistic 

electron beam of 6 MeV. This study can be extended to 

other types of materials or to cases of exposure to beams 

of different energies. Nevertheless, it can serve first of all 

as a tool necessary to future investigations using the 

ALIN-10 accelerator.  

 

 

2. Irradiation source and absorption law 
 

Based upon the experimental data that were measured 

at the ALIN-10 linear accelerator from INFLPR, one can 

describe the power distribution of the electron beam with 

the following expression:   
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As it can be seen, the irradiation source emits 

relativistic electrons with an asymmetric Gaussian 

distribution. This intensity distribution of the accelerated 

electron beam is represented in Fig.1 (a) inferred using the 

experimental data shown in Fig.1 (b). The approximation 

of the ratio between the two planar coordinates of the 

electron beam spot is obtained from figure 1b, which 

illustrates the experimental transverse profile of the beam 

at the exit of the ALIN-10 accelerator. The intensity in the 

transversal plane of the beam (x-y) can be seen in figure (1 

.a). The beam dimensions in the transverse plane are (14 x 

x 1.7) mm
2
. 

The normalization condition is: 
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As the cw power of the electron beam is 81 W, one 

obtains: WP  5.210  .  

(a) 

(b) 
Fig. 1: The power distribution of the incident 6.23 MeV 

electron beam at the ALIN-10 accelerator (a) and the 

experimental spot given by ALIN-10 (b). 

The geometry of the simulation is shown in figure 2 

where the electron beam propagates along the z axis and is 

incident on a carbon sample with dimensions of 

(10x10x15) mm
3
. The geometry is defined in Cartesian 

coordinates and the transversal plane of the beam is in the 

xy plane identical to the transversal section of the sample.  

 

 
Fig. 2: Irradiation geometry for a carbon sample with 

dimensions of (10 x 10x 15) mm3 

 

According to reference [1], the partial derivate of the 

energy on the z direction is:  
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which means that the absorption of electrons in the 

material sample depends on the energy of the incident 

electrons and a finite number of material constants. It may 

depend only linearly on the z axis. In this expression three 

physical phenomena have been taken into account: 

secondary electron emission [6], target polarization [7] and 

the effect of magnetic field on the incident beam [8, 9]. 

Knowing that a linear absorption function is sought; 

the Katz - Penfold formula for the calculation of the 

electron range in the target material [3] can be used: 
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Here, d max  stands for the maximum range of electron 

beam obtained in cm in a target of density ρ expressed in 

g/cm3. The energy is introduced in expression (4) in MeV 

and refers to the maximum energy of the beam which 

determines the maximum range that the electrons of the 

beam can go through in a target.
   

This leads to the absorption law: 

                                          

ZzE  31.332.6)(           (5) 

which is valid only when the maximum energy of the 

beam is greater than 2.5 MeV: 

 

MeVE 5.2max   
 

In expression (5), E is obtained in MeV units and z is 

expressed in centimeters.  
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3. Heat equation 
 

The goal to establish the thermal fields during electron 

beam irradiation is not a new issue [10, 11]. We started 

from the heat equation in Cartesian coordinates in the case 

of the irradiation geometry depicted schematically in 

figure 2,: 
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Here, T is the temperature difference that occurs during 

exposure to the electron beam. A is the energy released by 

the electrons per volume and time unit and k is the thermal 

conductivity. 

The boundary conditions are: 
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The parameter h is the thermal transfer coefficient, 

oji  ,, are the Eigen-values and 

zyx KKK ,, are the Eigen-functions. 

The solution of heat equation is: 
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and 
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The Eigen-functions inferred for the heat equation (6) 

with boundary conditions (7) (a-c) have the following 

explicit expressions: 
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The Eigen-values can be determined from the 

boundary equations:  
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4. Simulations 
 

For small dimension samples the thermal field 

distribution is determined by two important factors. They 

are the energy released by electrons per time and volume 

unit of the target which is denoted by the term A in the 

equation (6) and the thermal transfer constant, h, which 
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shows how fast the target loses its heat to the surrounding 

environment. This depends on the material of the target, 

pressure of the surrounding gas and the contact surface 

between the target and the environment. The temperature 

increases with the absorbed energy A, and with the 

decrease of the constant h. It is obvious that there exists a 

connection between h and the air pressure surrounding the 

target material. When the vacuum conditions improve, the 

coefficient h decreases, and therefore, the sample 

temperature increases due to reduced loses. Under high 

pressure conditions, the gas environment surrounding the 

target takes over the heat which leads to a significant drop 

in the thermal field intensity. For irradiations taking place 

under atmospheric pressure conditions, the contribution of 

the heat transfer coefficient is still important and, the 

energy A, released in the target by the electron beam is 

partially lost to the air surrounding the sample. According 

to the available data, a mathematical expression to 

describing the correlation between h and the vacuum level 

has not been established yet. 

 

 
 

Fig. 3: The thermal field under normal atmospheric conditions 

 at z=0 after an irradiation time of 10 minutes 

 

 

In Fig.3 the thermal field under normal atmospheric 

conditions at z=0 after an irradiation time of 10 minutes is 

presented. The carbon target has reduced dimensions in 

the x and y directions of (10 x 10) mm
2
. The irradiation 

geometry is given in Fig. 2. In case of results in Fig.3, it 

was assumed that the electron beam was incident upon the 

transversal plane of the sample from top to bottom. On the 

third axis of the graph, the temperature raise is given in 

Kelvin degrees. It can be easily seen that there is a 

difference of 0.08 K between the center of the transversal 

plane and its borders. This clearly shows that the sample 

was more heated in the area where the electron beam was 

incident. The elongated shape of this area corresponds to 

the profile of the beam shown in Fig.1b. Also, the beam 

power distribution is reflected in this region of the sample. 

The lower value of the temperature at the borders of the 

carbon sample is connected to a more intense loss of 

energy in this area, which was expressed by the boundary 

conditions (7). It is important to mention that the origin of 

the Cartesian coordinate system was taken on the face of 

the carbon sample where the electron beam is incident, as 

shown in Fig. 2. This means that the temperature in this 

graph corresponds to the face in direct contact with the 

electrons in the beam, at z=0.  

 

 
 

Fig. 4: The thermal field under normal atmospheric conditions  

at z=7.5 mm after an irradiation time of 10 minutes 

 

             In Fig. 4, the distribution is given of the 

thermal field in the center of the transversal plane of the 

target at z=7,5 mm. An increase in temperature can be 

observed because the boundary conditions have a 

minimum influence in the center of the target. That is due 

to the fact that the chosen point is right in the middle of 

the target and so, the surrounding environment has less 

influence on the thermal field generated by the electrons in 

the target material. Comparing Figs. 3 and 4 one can see 

that the maximum temperature raise, dT, across the 

transversal plane at z=0 is 74,4K, while at z=7,5 mm it is 

80,0778K. The difference between these two situations 

originates from the fact that at z=0, the target is in direct 

contact with the atmosphere. Accordingly, it loses heat 

much quicker because the coefficient h depends strongly 

on the magnitude of the contact surface between material 

and environment.   

 

 
 

Fig. 5: The thermal field under high vacuum conditions  

at z=0 after an irradiation time of 10 minutes 

 

Fig. 5 shows the thermal field distribution obtained at 

the contact surface (z=0) after an irradiation time of the 

carbon sample of 10 minutes under high vacuum 

conditions. The thermal field coefficient, h, is quite low 
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and has a value of 
-1-28 KWmm10 only. In this graph, 

the temperature raise, dT, is 151,1K, i.e. about twice the 

value corresponding to the same sample when placed 

under normal atmospheric conditions (Fig.3). Both graphs 

are for the same position along z axis. This shows that the 

influence of the air pressure on the heat transfer coefficient 

is quite significant. High vacuum conditions imply that 

there is a reduced number of molecules in the surrounding 

atmosphere that can take over the heat from the irradiated 

sample.    

 
 

Fig.6: The thermal field under low vacuum conditions 

 at z=0 after an irradiation time of 3 seconds 

 

 

Fig.6 shows the distribution of the thermal field in the 

transversal section of the irradiated carbon sample under 

very poor vacuum conditions which, implies, that the 

thermal transfer coefficient is rather high. The results 

correspond to an exposure time of three seconds. One 

easily observes that the shape of the graph is a lot different 

in this case due to the short time of exposure of the carbon 

sample to the electron beam. It seems that during the first 

seconds of irradiation, the energy from the incident beam 

is uniformly transmitted through the sample material. 

After a longer  exposure (Figs.3 and 5) more energy will 

be kept in the center of the target basically reproducing the 

shape and size of the beam profile and the beam power 

distribution. Comparing the three graphs mentioned here, 

it is interesting to notice that under high vacuum 

conditions this effect is enhanced by the low value of the 

thermal transfer coefficient. The surrounding environment 

could also be a slow cold fluid.  

 

 
Fig.7: The thermal field at z=0 after 0.01 seconds of irradiation 

 

The thermal field in a sample that is cooled using 

fluids with very low temperature variation is very close to 

zero. The thermal transfer coefficient gets a maximum in 

this case and the poor vacuum conditions combined with 

the cooling action of the fluids determine a complete 

evacuation of the heat from the irradiated sample. Thus, 

with an water flow as cooling agent, 0.5 cm thick and 

circulating with 1cm/s while having a temperature 5K 

inferior to the C target, one cannot observe within the first 

3s any temperature variation. From Fig.7 one can see that 

due to the very high circulation speed of heat in C, W or 

Be samples, the maximum temperature is reached right at 

the beginning of the irradiation.  

 

 

5. Conclusions and discussion 
 

We have shown that the thermal field distribution in 

case of a carbon sample exposed to an electron beam of 6 

MeV is determined by two important parameters: the 

energy released by the electrons in the sample volume, A, 

and the thermal transfer coefficient between the carbon 

sample and the surrounding environment. 

A depends on both the value of the energy of the 

incident beam as well as on the absorption of the radiation 

in the target material. As about h, one should mention, that 

the thermal transfer coefficient has three components: 

convection, conduction and radiation. According to 

experimental and simulation evidence, the conductive 

component, related to the irradiation geometry , and the 

radiating component that is proportional to the Stefan-

Boltzmann constant, can both be neglected. On the other 

hand, the convection component cumulates 95% of the 

total value of the thermal transfer coefficient and it is 

related to the surrounding environment of the irradiated 

sample. As we have seen in the results section of this 

paper, the better the vacuum conditions are, the lower the 

thermal transfer coefficient is. This means that we expect a 

related increase of the sample temperature. Besides 

pressure, the thermal transfer coefficient is also strongly 

influenced by the magnitude of the contact surface 

between the carbon target and the surrounding 

environment. The shape of the target exerts its influence 
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via boundary conditions. As mentioned in Refs. 10, 11, the 

thermal behavior of solid materials under relativistic 

electron beams irradiation is quite similar to the one 

characteristic to the high power laser beams. The model 

presented here could be used to determine the thermal 

field distribution obtained in a metal target by laser-metal 

interaction. The analytical model used in our simulations, 

(because only 10 values of the indices i, j, o, are 

considered) involves an absolute error of about 10
-2 

K, 

only[12,13]. The obtained solution is rather simple, 

providing a first information about the thermal field 

distribution in a carbon sample subjected to irradiation by 

accelerated electrons of a 6 MeV energy.  
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