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In this study, we present a theoretical model that describes accurately the nonlinear phenomenon of optical multistability in
an annular cavity laser containing a saturable absorber for inhomogeneous broadening. we develop a simple mathematical
model to describe the action of a saturable absorber in a laser cavity (LSA).Using this model, we derive a transcendental
equation governing the densities of photons.We theoretically investigate the behaviour of optical bistability (OB) and optical
multistability (OM). We determine the densities of photons as function of the pumping of the active medium and analyze the
linear stability of the solutions obtained. The approach considered here takes in a phenomenological way into account the
essential physical processes which makes it possible to determine the principal parameters in a LSA and their influences on

the optical multistability.
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1. Introduction

Optical bistability experienced high interest these last
years. Optical bistability belongs to the most important
nonlinear optical effects. An essential element of most
devices that exhibit optical bistability is an optical
resonator, in which a nonlinear material is placed.

The majority of optical flip-flops developed until now
utilize two states, which give rise to levels of "high" and
"low" energy transmission by the device. In general,
optical bistability presenting the phenomenon of hysteresis
is obtained as a solution of nonlinear equations.

2. Rate Equations Approach (REA)

From the solution of the Rate Equation Approach
(REA) applied to the laser with saturable absorber (LSA)
where broadening is inhomogeneous inside a annular
vanity in the stationary case, we show the existence of the
optical multistability phenomenon while varying the
different physical parameters.Then, we complete our study
by the analysis of the linear stability of the obtained
solutions.

This system consists of the following three equations,

one giving the density of photonsn ; in the cavity

resonator, and two further rate equations determining the
variation of the difference of population of the active

medium N,,, and that of the absorbing medium N,

According to the references [1-5], the system of
equations is written under the following form:

dn ;
7 :—Zjn/+%:Bg(w,, ~o ) n, + D[N ,, - N1
ey
dz\;t;,a =R, - N"“[Zk;‘ Bg(w, -o)n,+7,]
| (@)
d]\;tﬂb = R,,b—N#,,[ij Bg(w, o )n,+7,]
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Where: x ; Tepresent the coefficient of the losses of the
resonator for the mode jand B is the coefficient of

Einstein; y_, ¥, are the damping coefficients of the active
medium and absorber, respectively.
Vo =SVe =SV

coefficient: (0< & <1) w; and w, are respectively the

We assume with & a saturation

circular frequencies of the mode j and the line of the group
of atom n. R,,and R,, are the pumping rates of the active
and the absorbing medium, respectively. Absorption and
emission line shapes are supposed top have a Lorentzian
shape g with:
1—~ 2
r’+4w, -o,)’

g(o, ~w;)
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Where I is the homogeneous width of line and the
function Rpa (op) takes the following form:
R’ o
=— 5 Where ¢ is the width of the
& +4(w; —w,)

y7]
inhomogeneous line.

. Analytical solution of equations

We study here optical bistability and so we are
interested only in the case of stationary laser

.. ) dn,
emission. We therefore consider: —. =

dt
dN, AN,
dt dt
Starting from equation (2), we obtain:
N, = st

pa

ZBg(a)ﬂ —a)j)nj +7,
j
4)

k
By replacing term Z g(w u @ j) by the integral
J

1 f r?

2
mAQ ST + 4w, -—o))
find:

d o, in expression (4), we

R,
N,ua = 4+ 2

0 1 I r da)j
N o I v 4o, -0,

—0

+1

)

In order to simplify the calculations, we introduce the
following changes of variables:
B R, B R
0=Bn,, ——t=0, ——t=0,
7 X v X7

with : j=0,%1

By carrying out the integral, equation (5) becomes:

N _ R ,. (6)
ua 7{ 0 ,T . 1}
2 AQ
And
R (7

or
7{2AQ ““C}

By injecting (6) and (7) in equation (1), this one takes the
following form:

N,Uh:

r: R R,
zm, =B, +DY = =

ST +4(0,-w,)°| [OT T Tor
[y{zm ”} 7[2AQ “ﬁ
(®)
By replacing the sum XRp (op) by the integral in
equation (8), we obtain:

B o r: R,z R,
;(,n/:f(n,+l)jl_2+4 — or - Qli daw,
“ - @, =) y[gz 4w, o) | == +1| y|L-+&

/ 2AQ 2AQ

(€))

After several mathematical transformations, equation
(9) is given by the following formula:

BT R,&’ R,
Zin; = gy () or ] Jor
[¢2 + 4(0, _”O)ZLAJQ +1} LA’Q +§}
(10)
82
We pose: K =——— with (0j- ®)) = kAQ
&’ +4k*AQ°

where (k+1) = nombre of modes considered.
By introducing the various changes into equation (10), we
obtain:

o, K o,

i
e e
2AQ 2AQ

(11

We obtain after simple transformations, a cubic equation
in O, of the following form:

r &

aml. b_m[z(mf)_(aaK—au}c{

2BAQ?

and d=- (o, Ké-0,)
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aQ’} +bQ’ +¢cQ, +d =0 (12)
Where:
AT 20D ke o)A ab)}
r &l gy

The equation (12) is a cubic equation for which the last
term tends towards zero (d <<1) (the value of % is
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equal to 10 ™). Thus, we can apply a variationnel method.
The equation (12) can be put in the following form:

(Q + j(Q +b§j+c)=o (13)

The solutions of equation (13) are given by:

d d
QjOZ__ and lez Q,lz — —
c 3Qj1,2 +2ijl,2 +c
(14)
— +
Where 0, =% with A=b*-4ac

3. Discussion and numerical examples

By laying down certain conditions and solving this
equation of the 3 degree, we obtain the results which are
represented in the figures below:

3.1. For the j=0 mode
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Fig. 1. Evolution curve of the photons density Qj as

function to the pumping of the active medium

(G p )whenever the coefficient of the losses is constant

for the j=0 mode

3.2. For the j=1 mode
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Fig. 2. Evolution curve of the photons density Q ;as

function to the pumping of the active medium

(O' a )whenever the coefficient of the losses is constant

for the j=1 mode.

By examining the influence of the parameters of the
L.S.A on the appearance of the optical multistability, we
notice that a reduction in the coefficient of saturation,
leads to an increase in the interval of the density of
photons in which the system shows optical multistabitity.
This can be explained in the following way: the difference
in energy of the absorbing medium must correspond to the
frequency of the laser transition in the active medium. In
the initial state, the saturable absorber has its maximum of
opacity; i.e. the state is not saturated. The luminous
irradiation of the saturable absorber at the frequency of
oscillation gives rise to a resonant absorption and of
spontaneous emission. Then, when the pumping of the
absorbing medium o, increases, the saturation is increases,
too.

After the end of the irradiation, energy relaxation
ensures the return to the fundamental state and the
absorber becomes again unsaturated. On the other hand, if
the pumping of the absorbing medium increases, it causes
the saturation of the medium thus and generates an
increase in the interval of the effect of the optical
bistability and consequently the increase in extended in the
density of photons.

Concerning the parameter € , we notice an increase in
the interval of optical bistability as well as of the extent of
the density of cavity photons when € decreases

4. Linearization of the nonlinear system of
equations in the vicinity of the stationary
solution

The linear analysis of stability consists in determining
the evolution of small variations of balances. If the balance
is stable, their variations diminish in time. On the other
hand, they diverge in the case of an unstable balance. One
linearizes the system of differential equations in the
vicinity of the stationary solutions and considers for this

purpose:
62

=i, -I'm;&]
N, =N_ +AN (1) (15)
Ny= N, +iN0,0)
Where:
Ny, N, N, are the stationary values

An;,AN,,AN, are small corresponding variations of

quantities with respect to their stationary values.
When replacing n;, N et N in the equations of the

system (1) and neglecting all quantities which are of
second order in smallness length of the absorbing medium,
one obtains finally a system of linear differential equations
for the variations An (t),AN,(t) and AN,(¢) which is

given by:

_dAnj i

dt ap  dp ap An,
L{Ad# =l 4an an a3 AN,
dAN, asy as as3 AN,
L dt .

Where:
an p dp
A=|ay ay axy (16)

a3 dzp Az
Where:
@11 = =X + Eﬁ&(%—wﬂ[”m - N,nb] W1z = ("n_.fs +1) Eagﬂf(%— Q:fj

ayg = —(1 "'.I.:ITB‘gI:m —wel, @z = —N Dgla, — aw
(s s, BT Wil msz& (g — )

sz = _[ngf.@»_ ittt |, Gg =0 andag = —NM:Z&BQ‘EEPB— )

The calculation of the determinant of (4 + I4) gives the

characteristic equation of cubic order in A :
2} —byA+bA—by =0 (17)

Where:
b, 2_(“11 tday +“33)
by = ay ay +ay a3 +axdzy —apdy —a;3ds,
and b, = —(011‘122“33 —dapdnds; —a13a31a22).

A is the eigenvalue of the matrix and I is the unit matrix
of order three.

It is noticed that equation (17) is an algebraic
equation of the third degree. To know if the state is stable
or unstable, one has to determine the roots of equation (17)
Indeed if the real parts of the four roots of the
characteristic equation (17) are positive, the state is stable.
If, on the contrary, at least one of these roots has a
negative real part, this state will be unstable.
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5. Conclusions

In this study, we have developed a theoretical model
that describes accurately the nonlinear phenomenon of
optical bistability in annular resonator.

It is concluded that for all the stable solutions,
therefore we can say that there is the optical multistability
under certain conditions. All the branches of hysteresis are
stable; this may be due to the inhomogeneous broadening.
These results are in good agreement with the tendency of
bibliography sources.
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