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Frequency analysis and modal sensitivity of an atomic force microscope (AFM) cantilever
is presented in this paper. Closed-form expressions for frequency equation and sensitivity
of vibration modes are derived for the tip-cantilever system as the cantilever undergoes
coupled lateral-vertical bending with torsional vibration. In this work, the effects of the
sample surface contact stiffness and the cantilever to tip lengths ratio on resonant
frequencies and sensitivities are assessed. The results show that the resonant frequency is
constant in low and high values of the normal and lateral contact stiffnesses and there is a
shift of frequency in a specific value of stiffness. Also, in comparison with the values of
normal contact stiffness, frequency shift, due to the tip–sample interaction, occurs in lower
values of lateral contact stiffness. In the low values of contact stiffnesses, the lower-order
vibration modes are more sensitive than the higher-order modes. The situation is
completely reversed in very high contact stiffnesses. In addition the resonant frequencies
are more sensitive to the variation of lateral contact stiffness with respect to the variation
of normal contact stiffness.
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1. Introduction
The AFM was invented in 1986 by Binnig, Quate and Gerber [1]. The AFM relies on a
scanning technique to produce very high resolution, 3-D images of sample surfaces. The AFM
measures ultra-small forces (less than 1 nN) that exist between the AFM tip surface and a sample
surface. These small forces are measured by observing the motion of a very flexible cantilever
beam with an ultra-small mass [2]. The deflection of the cantilever is measured by an array of
photodiodes that receives the reflected laser beam from the top surface of the cantilever. These
data collection can be used to determine some important characteristics of the sample surface such
as friction, visco-elasticity, surface topography and many other mechanical properties. AFMs can
be used to study surfaces, whether they are electrically conductive or insulating.
The principal modes of operation for an AFM are static mode and dynamic mode. In static
mode, the cantilever is dragged across the surface of the sample and the contours of the surface are
calculated directly using the deflection of the cantilever. In the dynamic mode, the cantilever is
externally oscillated at or close to its fundamental resonance frequency by its holder or the sample.
The oscillation amplitude, phase and resonance frequency are changed by the interaction force
between the tip and the surface. These changes in the vibration parameters with respect to the
external reference oscillation are used to reveal information about the surface properties of
*
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samples. Compared to static AFM, dynamic AFM can provide a better signal-to-noise ratio and
higher resolution in measurement of material and surface properties [3]. Three types of dynamic
modes of AFM can be categorized in terms of the cantilever deflection and excitation mode. They
are: contact mode, non-contact mode, and tapping mode (TM); torsional resonance (TR) mode;
and lateral excitation (LE) mode. In contact mode, non-contact mode, and TM, generally the
cantilever is excited by the vertical harmonic motion of its holder. In TR mode, two piezoelectric
elements are attached to the cantilever holder and vibrate out-of-phase to drive the cantilever into
torsional oscillation. In LE mode, the cantilever is driven by the lateral motion of the sample
through tip–sample interaction [4].
In a series of works, Bhushan et al. [3-6] have developed the analytical and numerical
models for dynamic simulation of AFM cantilevers at different dynamic modes with and without
tip–sample interaction. Song et al [4] was developed the 3D Finite Element beam model of tip–
cantilever systems for numerical simulation of free and surface-coupled dynamics of tip–cantilever
system in various dynamic modes of AFM.
The imaging rate and contrast of topographic images can be influenced by the resonant
frequency and modal sensitivity, respectively. Therefore, the study of the resonant frequency and
the sensitivity of an AFM cantilever are significant and have been investigated by many
researchers. Turner and Wiehn [7] have studied the sensitivities of the flexural and torsional modes
for AFM cantilevers and derived a closed-form expression for cantilevers with constant cross
sections. They have developed an approximate solution for cantilevers with other shapes using the
method of Rayleigh–Ritz. They found that the shape of the cantilever can considerably affect the
modal sensitivity. Chang [8] have studied the sensitivity of flexural vibration modes for the
rectangular cantilever of an AFM and obtained a closed-form expression by taking into account
the cantilever slope. He perceived that increase of the cantilever slope apparently decreases the
sensitivity at low contact stiffness. Chang et al. [9] analyzed the interactive damping effect
occurring between the cantilever tip and sample surface on the sensitivity of flexural and torsional
vibration modes of AFM rectangular cantilever. They derived a closed-form expression for the
frequency equation and flexural and torsional sensitivity. They observed that sensitivity of flexural
and torsional of first mode decreased with increasing normal and lateral interactive damping when
the normal and lateral contact stiffness was low. Hsu et al. [10] studied the flexural vibration for an
AFM cantilever using the Timoshenko beam theory and presented a closed-form expression for the
frequencies of vibration modes. They demonstrated that the Timoshenko beam theory is able to
predict the frequencies of flexural vibration of the higher modes with higher contact stiffness.
Without considering vertical bending, Lee et al. [11] investigated the influence of the contact
stiffness and the cantilever to tip lengths ratio on the resonant frequency and the sensitivity of
lateral vibration modes. In their study, the cantilever can vibrate in a combination of torsion and
lateral bending modes. Kahrobaiyan et al. [12] studied resonant frequencies and flexural
sensitivities of an AFM with assembled cantilever probe (ACP). They assessed the effects of the
sample surface contact stiffness and some geometrical parameters on both flexural and torsional
resonant frequencies and sensitivities.
Generally, a vibrating cantilever has four uncoupled deflection: namely vertical bending,
lateral bending, torsion and extension. For a rectangular cantilever, the torsional and lateral
stiffness are nearly two and the extension stiffness is four to five orders of magnitude higher than
the vertical stiffness. Thus in this paper, the displacement component that is related to the
extension, can be neglected.
In contact mode, non-contact mode and TM, vertical bending dominates the deflection of
the cantilever, whereas in TR and LE modes the deflection of the cantilever is in fact a
combination of torsion and lateral bending. These couplings between the vertical bending, lateral
bending and torsion are generally ignored in the literature for the sake of simplicity. Hence, a
model that can consider all the couplings is very desirable. In this paper, by considering the
coupling of lateral-vertical bending with torsional vibration (flexural-torsional), the resonant
frequencies and the modal sensitivities analyses are carried out using an analytical method. The
flexural-torsional coupling is due to the presence of the tip–sample interaction. Effects of normal
and lateral contact stiffnesses and the cantilever to tip lengths ratio on the natural frequencies and
the modal sensitivities of the system will be presented.
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2. Analy
2.1. Basic equation
Fig.1 show
ws the schem
matic diagram
m of an AFM
M cantileverr in contact w
with a samp
ple. The
deflecttion of the caantilever is measured
m
by an array of photodiodes
p
that receive s the reflecteed laser
beam ffrom the topp surface of the
t cantileveer. In this paaper, the defl
flection is ressolved to a rotation
r
and tw
wo displacem
ments.  ( X , t ) is the rotaation angle around
a
the X -axis, W ( X , t ) is the vertical
v
displaccement alonng the Z -ax
xis, V ( X , t ) is the latteral displaccement alonng the Y -ax
xis and
extension along thhe X -axis in comparisson with th
he other disp
placement ccomponents can be
negleccted. We havve assumed that
t
the AFM
M cantilever is parallel to the samplee surface an
nd tip is
locatedd at the endd of the canttilever. To aanalyze the cantilever reesponse, tip––sample inteeraction
needs to be establiished first. Under
U
small deflection, the
t tip–samp
ple interactioon forces in normal
and tanngential direections are deescribed by tthree linear springs
s
K n , K l and K t rrespectively, which
act at tthe end of thhe AFM tip. Usually, it ccan be assum
med that K l  K t [4]. Thhis may be because
b
of maccroscopic suurface properrties which aare essentiallly the samee in all tangeential directiions. A
probe in AFM can be modeeled as a tthree-dimenssional beam with clampped–free bo
oundary
conditiions and thee tip is repreesented by a rigid bar. As shown in
n Fig 1, thee probe has a cross
sectionn with widthh D, thickness h, length L and tip leength H. The lateral tip––sample inteeraction
exerts a torque andd a lateral forrce on the caantilever, wh
hich causes th
he torsional and lateral bending
b
vibratiion. The norm
mal tip-samp
ple interactioon exerts a normal
n
force on the cantiilever which
h causes
verticaal bending. Longitudinal
L
tip–sample interaction exerts a torq
que and a lonngitudinal fo
orce on
the canntilever, whiich cause thee extension aand vertical bending
b
vibrration. But w
we assumed that
t
the
extension is negleccted.

Fig. 1. Schhematic diagra
am of an AFM
M tip–cantileveer undergoing
g vertical bendding, lateral
bending andd torsion. Thee tip-sample innteraction forcces are modelled by three linnear springs
K n , K l and K t .

Therefore, the linear differential equations of
o motion fo
or the verticcal bending, lateral
bendinng and torsional vibration
n of an Eulerr-Bernoulli beam are [5,13]

 4W ( X , t )
 4W ( X , t )
EI y
 A
0
X 4
t 4

(1)
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 4V ( X , t )
 4V ( X , t )
EI z
 A
0
X 4
t 4

(2)

 2 ( X , t )
 2 ( X , t )
GJ
 I p
(3)
X 2
t 2
where E and G are Young’s modulus and shear modulus,  is the mass density, A is the crosssection area, J is the torsional constant, Iy is the moment of inertia about the Y axis, Iz is the
moment of inertia about the Z axis and Ip is the polar area moment of the inertia. For a cantilever
3
3
3
with a rectangular cross section, A  Dh , I y  Dh 12 , I z  hD 3 12 , I p  ( Dh  hD ) 12
and J  (1 3) Dh 3 (1  0.63(h D )  0.052(h D) 5 ) . The determination of the characteristics
equation requires four vertical-bending-related, four lateral-bending-related and two torsionalrelated boundary conditions. The ten boundary conditions with considering interaction are

W (0, t )  0
W (0, t )
0
X
 2W ( L, t )
W ( L, t )
EI y
 Kl H 2
2
X
X
3
 W ( L, t )
EI y
 K nW ( L, t )
X 3
V (0, t )  0
V (0, t )
0
X
 2V ( L, t )
EI z
0
X 2
 3V ( L, t )
EI z
 K l ( H ( L, t )  V ( L, t ))
X 3
 (0, t )  0
 ( L, t )
GJ
  K l H ( H ( L, t )  V ( L, t ))
X

(4.a)
(4.b)
(4.c)
(4.d)
(4.e)
(4.f)
(4.g)
(4.h)
(4.i)
(4.j)

At the built-in end the deflections and the slopes of the beam must be zero. Thus, if the end
X  0 is assumed to be built-in, then the boundary conditions given by Eqs. (4.a), (4.e) and (4.b),
(4.f) correspond to conditions of zero displacements and slopes, respectively. The boundary
conditions given by Eq. (4.i) correspond to zero twist angle. At the free end, the moments and the
shear forces of the beam must be zero. Thus, if the end X  L is assumed to be free, then
boundary conditions given by Eqs. (4.c), (4.d), (4.g), (4.h) and (4.j) correspond to the moments
balanced and forces balanced between the end beam with the linear springs K n , K l and K t . For
harmonic vibrations the displacements and torsional rotation can be expressed in the form of

W ( X , t )  w( X )e it

 ( X , t )   ( X )eit

V ( X , t )  v( X )e it

(5)

Where ω is the angular frequency of vibration, the dimensionless parameters are defined as

x

X
L

w

W
L

v

V
L

(6.a)
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H
b
L
GJ
s
EI y

p 
2

q

 4  srp 2
l 

Kl H 2 L
GJ

I p L2 2

(6.b)

GJ

GJ
EI z

r

AL2
Ip

 4  qrp 2
n 

KnH 3
EI y

(6.c)
(6.d)
(6.e)

Utilizing these dimensionless parameters and substituting Eq. (5) into Eqs. (1) to (4), the coupled
equations and the associated boundary conditions can be simplified to the following dimensionless
differential equations and boundary conditions

d 4 w( x)
  4 w( x)  0
4
dx
d 4 v( x)
  4 v( x)  0
4
dx
2
d  ( x)
 p 2 ( x)  0
2
dx
w(0)  0
dw(0)
0
dx
d 2 w( L)
dw( L)
 l s
2
dx
dx
3
d w( L)
  n w( L)
dx 3
v ( 0)  0
dv (0)
0
dx
d 2 v( L)
0
dx 2
1
d 3 v( L)  l q 


  ( L)  v( L) 
3
dx
b 
b

 (0)  0
d ( L )
1


   l   ( L)  v( L) 
dx
b



(7)
(8)
(9)
(10.a)
(10.b)
(10.c)
(10.d)
(10.e)
(10.f)
(10.g)
(10.h)
(10.i)
(10.j)

2.2. Solution
The general solutions of Eqs. (7) to (9) can be expressed as

w( x)  A1 sin(x)  A2 cos(x)  A3 sinh(x)  A4 cosh(x)

(11)

v( x)  B1 sin(x)  B2 cos(x)  B3 sinh(x)  B4 cosh(x)

(12)

 ( x)  C1 sin( px)  C2 cos( px)

(13)
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Where A1...A4 , B1 ...B4 and C1 , C2 are the constants to be determined from the boundary
conditions. By substituting the Eqs. (11) to (13) into the boundary conditions, (10), a characteristic
equation can be obtained to determine the resonance frequencies. This leads to the following
characteristic equation







(L)   s    b







1 3 2
   n  l s   4 cosh 2 (L)  2  n   l s 2 sin(L)  2  n  l s   4
b2
cos(L)  cosh(L)   n  l s   4 cos 2 (L)  2  n   l s 2 sinh(L) cos(L) 

C  p,  n ,  l  

sin

2

(L)  sinh

2

4

n



3 2

l





cosh (L)  2  3b 2 cos(L)   l q sin(L)
2





(14)

cosh(L)   3b 2 cos 2 (L)  2  l q cos(L) sinh(L)   3b 2 p cos( pL)

sin

2



(L)  sinh 2 (L)   3b 2  l sin( pL)21  cosh(L) cos(L) 

The roots of Eq. (14) are the eigenvalue or natural frequencies of the system. The resonant
frequency based on the dimensionless parameter p 2  I p L2 2 GJ in Eq. (6.b) is obtained, and
is given as

f 

p
2

GJ
I p L2

(15)

The sensitivity of the probe can be calculated from the frequency, which can be measured.
The sensitivity is defined as the change in the vibration frequency of a mode with respect to the
change in normal or lateral contact stiffness [7,8]. Once differentiation of Eq. (14) with respect to
 n implies that

C  n
dp

d n
C p

(16)

The relationship between frequency f and normal contact stiffness,  n , can be expressed as

f
f p
1


 n p  n 2

GJ p
I p L2  n

(17)

The dimensionless form of the sensitivity due to normal contact stiffness is given by

Sn 
Thus,

f  n

1 2 

GJ I p L2



p
 n

(18)
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S n    l s cosh 2 (L)  2 sin(L)   l s cos(L)  cosh(L)   l s cos2 (L)  2 sinh(L) cos(L)











  l s sin 2 (L)  sinh 2 (L) p cos( pL)  3b 2 cosh 2 (L)  2  3b 2 cos(L)   l q sin(L) cosh(L)





  b cos (L)  2 l q cos(L) sinh(L)   b sin (L)  sinh (L)   l b sin( pL)
3 2

2

3 2

21  cos(L) cosh(L)  n l s  

2

2

3 2

cosh (L)  2    s cos(L)  2  s   sin(L)
cosh(L)    s   cos (L)  2    s cos(L) sinh(L)     s sin (L)  sinh (L) 
 b 1   Lcosh (L)  2 b 1   Lcos(L)  2 q sin(L)cosh(L)   b 1   Lcos (L)
 2 q cos(L) sinh(L)   b sin (L)  sinh (L) cos( pL)   b cosh (L)
 2 b cos(L)  q sin(L) cosh(L)   b cos (L)  2 q cos(L) sinh(L)
  b sin (L)  sinh (L)  pL sin( pL) 
4

n

4

2

2

n

2

l

2

l

n

3 2

4

2

l

4

n

2

l

n

2

l

3 2

3 2

l

l

3 2

2

l

2

l

2

3 2

2

l

3 2

3 2

2

l

3 2

2

l

2

(19)
The sensitivity due to lateral contact stiffness is derived in the same way as the sensitivity due to
normal contact stiffness. Consequently, differentiation of Eq. (14) with respect to  l implies that

C  l
dp

d l
C p

(20)

Therefore, the sensitivity due to lateral contact stiffness is given by
Sl    3 2 pqsin(L) cosh(L)  cos(L) sinh(L)  cos( pL)  2 3 2b 2 sin( pL)1  cos(L)

 




cosh(L)    s   cos (L)  2 





  s sinh(L) cos(L)   b cos(L) cosh(L)
cos (L)  2  q cos(L) sinh(L)   b sin (L)  sinh (L) cos( pL)

cosh(L)   n  l s   4 cosh 2 (L)  2  4   n  l s cos(L)  2  n   l s 2 sin(L)
4

n

  3b 2

2

l

2

n

2

3 2

l

3 2

2

2

l

 2 3b 2  l sin( pL)1  cos(L) cosh(L)  2  n s cosh 2 (L)  2s 3 sin(L)   n s cos(L) 



cosh(L)   n s cos 2 (L)  2 s 3 cos(L) sinh(L)   n s sin 2 (L)  sinh 2 (L)

   b
3

3 2

cosh 2 (L)  2 l q sin (L)   3b 2 cos(L)  cosh(L)   3b 2 cos 2 (L)  2  l q cos(L)





sinh(L)   3b 2 sin 2 (L)  sinh 2 (L) L sin( pL)   3b 2  l L cos( pL)

21  cos(L) cosh(L)



 2 sin(L)  n   l s 2



2

  s   cosh (L)  2
4

n

2

l

4



  n  l s cos(L)

(21)
From the above equations, the sensitivities due to normal and lateral contact stiffness as
function of dimensionless parameters for each mode can be calculated.
3. Numerical Results and discussions

In this section, based on the presented analytical method, the frequency analysis and
modal sensitivities of an AFM cantilever are focused. Numerical results are presented to reveal the
influence of the normal and lateral contact stiffness and tip length on the coupled frequencies and
modal sensitivities of the AFM cantilever. To validate the solution procedure, for the case of
 l    p  0 and L   the characteristics equation (14) can be simplified as

C  ,  n    3 cos  cosh   1   n sinh  cos   sin  cosh  

(22)

The above frequency equation is the same as the form obtained by Turner and Wiehn [5]. While
for the case of  n    0 , L   and pL  p the characteristic equation (14) can be reduced
to
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C  p,  l    p cos p   l sin p 1  cos  cosh   

1
b 3
2

 l pq cos p cosh  sin   sinh  cos  

(23)

As can be seen, this is the same as the frequency equation obtained by Lee and Chang
[11].
The resonant frequency and modal sensitivities were expressed as functions of geometrical
and mechanical properties of probe and contact stiffnesses. The values of the geometrical and
mechanical properties of this case-study probe are considered as E  150 GPa, G  64 GPa,
  2300 kg/m3, L  200 μm, D  40 μm, h  5 μm, H  15 μm [11]. The lateral contact
stiffness can be assumed as K l  0.9 K n [14]. The energy dissipation due to the tip–sample
interaction is neglected. Once the normal and lateral contact stiffnesses are given, the natural
frequencies and modal sensitivities of the tip–cantilever system under linear interactions tip–
sample are obtained by solving the equations (14), (19) and (21). Each mode has a different
resonant frequency and sensitivity to variations in contact stiffnesses. In the forthcoming figures,
the modal sensitivities and resonant frequency of the first five vibration modes and the variations
in the sensitivities and natural frequency of first mode at various tip lengths of the system will be
shown. The resonant frequency of the first five vibration modes of the cantilever as a function of
dimensionless normal and lateral contact stiffnesses,  n and  l are illustrated in Fig.2. and Fig.3,
respectively. It can be observed that as  n and  l increase, the resonant frequency commences
from a constant value at low values of normal and lateral contact stiffnesses then increases until it
finally reaches another constant value at very high values of normal and lateral contact stiffnesses.

Fig. 2. The cantilever’s first five resonant frequencies as a function of normal contact stiffness,
 n , for an AFM cantilever.
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Fig. 3. The cantilever’s first five resonant frequencies as a function of lateral contact stiffness,
 l , for an AFM cantilever.

The modal sensitivities of the first five vibration modes as a function of dimensionless
normal and lateral contact stiffnesses,  n and  l are shown in Fig. 4 and Fig.5, respectively. It
can be observed that as  n and  l increase, the modal sensitivities of all the vibration modes
decreased. Moreover, for low normal and lateral contact stiffnesses, the low-order modes are more
sensitive than high-order modes and the first mode is the most sensitive. Whereas the normal and
lateral contact stiffnesses become larger, it can be noted that high-order modes become more
sensitive. Comparing Fig.2 with Fig. 3, it can be seen that in comparison with the values of normal
contact stiffness, frequency shift, due to the tip–sample interaction, occurs in lower values of
lateral contact stiffness. Comparing Fig.4 with Fig. 5, it can be seen that the resonant frequencies
are more sensitive to the variation of lateral contact stiffness with respect to the variation of
normal contact stiffness.

Fig. 4. Variation of sensitivity due to normal contact stiffness, S n , as a function of

n

for an AFM cantilever for the first five modes.
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Fig. 5. Variation of sensitivity due to lateral contact stiffness, S l , as a function of

l

for an AFM

cantilever for the first five modes.

The tip length, H , can change sensitivity and the resonance frequency by producing a
force and moment at the free end of the cantilever. Therefore, it is of interest to learn how the tip
length affects modal sensitivities and resonant frequency of first mode. The resonant frequency of
first mode of cantilever as a function of the normal contact stiffness,  n , and the cantilever to tip
lengths ratio, H L , is shown in Fig. 6. This figure shows that increasing the tip length leads to
increasing the resonance frequency when the normal contact stiffness,  n , becomes large. The
resonant frequency and dimensionless sensitivity of first mode of cantilever as functions of the
lateral contact stiffness,  l , and the cantilever to tip lengths ratio, H L , are shown in Fig. 7 and
Fig. 9, respectively. This figures show that for various lateral contact stiffness,  l , increasing the
cantilever to tip lengths ratio has little effects on the dimensionless sensitivity and resonance
frequency. Dimensionless sensitivity of first mode of cantilever as a function of the normal contact
stiffness,  n , and the cantilever to tip lengths ratio, H L , is depicted in Fig. 8. From this figure,
it can be seen that at low and intermediate normal contact stiffnesses with the increase of the
cantilever to tip lengths ratio, the dimensionless sensitivity increases. But at very high normal
contact stiffness,  n , increasing the tip length decreases the dimensionless sensitivity.
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Fig. 6. Resonant frequency of first mode as a function of the normal contact stiffness,

n ,

and the cantilever to tip lengths ratio, H L .

Fig. 7. Resonant frequency of first mode as a function of the lateral contact stiffness,
and the cantilever to tip lengths ratio, H L .

l ,
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Fig. 8. Vibration sensitivity due to normal contact stiffness, S n , of first mode as a function
of

n

and the cantilever to tip lengths ratio, H L .

Fig. 9. Vibration sensitivity due to lateral contact stiffness, S l , of first mode as a function
of

l

and the cantilever to tip lengths ratio, H L .

4. Conclusions

In this paper, the effects of tip length and normal and lateral contact stiffnesses on
resonant frequency and the modal sensitivities of an AFM cantilever have been analyzed.
According to the analysis, the results showed that with increasing normal and lateral contact
stiffnesses, the resonant frequency increases until it finally reaches a constant value at very high
values of contact stiffnesses. In addition, in comparison with the values of normal contact stiffness,
frequency shift, due to the tip–sample interaction, occurs in lower values of lateral contact
stiffness. It was also shown that in the low values of contact stiffnesses, the lower-order vibration
modes are more sensitive than the higher-order modes. The situation is completely reversed in
very high contact stiffnesses. Furthermore, the resonant frequencies are more sensitive to the
variation of lateral contact stiffness with respect to the variation of normal contact stiffness. The
results also indicate that for various lateral contact stiffness, increasing the cantilever to tip lengths
ratio has little effects on the dimensionless sensitivity and resonance frequency of first mode.
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Whereas increasing the cantilever to tip lengths ratio increases the resonance frequency when the
normal contact stiffness, become greater. Besides, at low and intermediate normal contact
stiffnesses with the increase of the cantilever to tip lengths ratio, the dimensionless sensitivity
increases. But at very high normal contact stiffness, increasing the cantilever to tip lengths ratio
leads to decreasing the dimensionless sensitivity.
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